Nonequilibrium noise correlations in a point contact of helical edge states 
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We investigate the noise correlations in a quantum point contact of helical edge states far away 
from the quantum critical point at finite bias by perturbative calculations. The results reveal the 
effects of the two-particle scattering processes on the electrical transport, which depend on the 
Luttinger liquid parameter. Moreover, the Fano factors for the auto- and corss-correlations of the 
currents are distinct from the ones for tunneling between the chiral edge states in the quantum Hall 
liquid. 
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I. INTRODUCTION 



Ever since the discovery of the quantum Hall effect, 
the study of topological properties of quantum matter 
continues to be one of the most fruitful subject of re- 
searches in condensed matter physics, especially a model 
of the topological states in the absence of applied mag- 
netic fields was constructed^ Recently, on the basis of the 
earlier works, a new topological state of matter in two di- 
mensions, the quantum spin Hall insulator (QSHI), was 
theoretically proposed in various systems with time re- 
versal symmetry and spin-orbit interactions^ 3 - As what 
happens in the case of the quantum Hall effect, the topo- 
logical order of the quantum spin Hall state requires the 
presence of a bulk gap together with gapless edge states.— 
These edge states propagate in opposite directions for op- 
posite spins, and thus are usually dubbed as the helical 
liquids.— The stability of the helical liquid against the 
clastic backscattcring is protected by the time-reversal 
invariance^ Accordingly, the presence of the helical liq- 
uid forms a distinctive feature of this new topological 
state of matter. In this sense, the studies of these he- 
lical edge states provide us with important information 
about the system and help us to identify this new state 
of matter. This state occurs in HgCdTc quantum well 
structures^ and there have already been some experi- 
mental evidences about the transport properties of heli- 
cal liquids, which verify the basic features of these unique 
one-dimensional (ID) systemj 7 -^ 

In the presence of interactions, we expect that these he- 
lical edge states form Luttinger liquids (LLs) in which the 
spins are associated with the directions of the momenta. 
Therefore, it is important to have some experimental sig- 
natures which show directly the nature of these helical 
LLs and, in particular, distinguish them from the the or- 
dinary LLs. Recently, it was proposed that a quantum 
point contact in the QSHI can be used as a probe of the 
helical In Ref. i, it was noted that the problem 

of the quantum point contact in a QSHI can be mapped 
onto the model of a spinful LL with a weak tunneling link. 
The corresponding LL parameter of the charge mode is 




FIG. 1: A quantum point contact in a QSHI. The value of 
the gate voltage is greater than its critical value so that the 
point contact is open. 



the inverse of that of the spin mode. Therefore, the edge 
states of the QSHI with a tunneling junction can realize 
phases which cannot exist for the spin-SU(2) invariant 
LL with a single impurity* 1 ^ It was further shown that 
there exist a quantum critical point (QCP) which can be 
tuned by adjusting the value of the gate voltage* 1 ^ Conse- 
quently, the low temperature zero-bias conductance can 
be described by a universal scaling function of the tem- 
perature and the gate voltage. 

It is important to notice that in determining the phase 
diagram of the quantum point point contact in a QSHI, 
the two-particle scattering processes, which are naively 
regarded as less relevant than the single-particle one, play 
an important role. Thus, it is interesting to see a direct 
experimental probe of these two-particle scattering pro- 
cesses. One way to achieve this goal is to analyze the 
noise spectrum of the tunneling junction. In the present 
work, we shall perform this calculation in the presence 
of a finite bias V between the top and bottom edges of 
the point contact when it is open, as shown in Fig. [1] 
and is far away from the QCP. Hence, a perturbative cal- 
culation is reliable. When the point contact is pinched 
off, the corresponding noise spectrum can be obtained 
by an appropriate duality transformation™, Our main 
results are shown in Figs. [2] EJ Naively, the two-particle 
scattering processes seem to be more irrelevant than the 
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single-particle one. But we find that the current and 
noise spectrum may be dominated by them, depending 
on the value of the LL parameter,— as shown in Figs. [2]- 
SJ To reveal the competition between the single- and two- 
particle scattering processes clearly, we also calculate the 
Fano factors for the auto- and cross-correlations. They 
depend on the LL parameter and the relative strength of 
the tunneling processes, which can also be viewed as an 
indirect probe on the possible fractional charges in a heli- 
cal liquid. This is quite different from the corresponding 
one for tunneling between chiral edge states in the quan- 
tum Hall liquid Moreover, the Fano factors for the 
auto- and cross-correlations approach different values in 
the zero-bias limit, depending on the LL parameter. As 
we shall discuss in the end of the paper, this result fol- 
lows from the entanglement of the right and left movers 
in the final states for different scattering processes. 

The rest of the paper is organized as follows. In sec. [U 
we setup the model to fix our notation. The calculations 
on the currents and noise spectrum are summarized in 
Sec. IIIII The last section is devoted to conclusions and 
discussions. 



II. MODEL 

At low energies, the system in Fig. can be described 
by the Hamiltonian H = Hq + SH, where 
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with 
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Here tjj i j n , ^ out are a time reversed pair of fcrmion fields 
with opposite spin, which propagate toward and away 
from the junction, Dp is the bare Fermi velocity, and the 
1*2, U4 terms are forward scattering. As pointed out in 
Ref. ID, Hq can be mapped onto the Hamiltonian of spin- 
1/2 fcrmions. To proceed, we define the spin-1/2 fermion 
fields as 



^Ri( x ) 



V>2,out0) x > 

V>i,in(-z) x < 

^3,out(^) x > 

VVnC-^) x < 

V> 3 ,inO) x>0 

*l>4,out(- x ) x < 

ip 2:in {x) x>0 



(3) 



In terms of ipta and ipRo-, where a 
be written as 



H 



dxHo 



,i= +, — , H can 
(4) 



where 



Hq = E [ivo^ipiedxipLa - i/> R<T d x ip + u 2 Jl<jJr- 

a 



(5) 



It is now clear that Eq. ([J) is nothing but the Hamilto- 
nian of the spin-1/2 fermions. 

Using the bosonization formulas^ 



tpRa 



1 



-iv 47T(/ 



v / 27ra u ' 



and defining the bosonic fields 

= 4>L<j + 4>Rc , ©cr = 4>La - 4>R<j , 

where ao is the short-distance cutoff, Hq becomes 



H 



~2~ 



dx 



K a (d x Q c 



1 

~K~ a 



where K c = K , K s = 1/K, v c = v 
v2 



7=2^ 



(d x <5> a f 



(6) 



and similar expressions for Q CtS . The Klein factors r\ a 
are usually chosen to satisfy = i. When spin is 

conserved at the junction, there are four fixed points.— 
These include the perfectly transmitting (CC) limit, in 
which both charge and spin conduct, the perfectly re- 
flecting (II) limit, in which both charge and spin are in- 
sulating, and the mixed fixed points, denoted by CI (IC), 
in which charge (spin) is perfectly transmitting and spin 
(charge) is perfectly reflecting. According to the analysis 
in Refs. and [HI the CC and II phases are separated 
by a quantum phase transition line by varying the gate 
voltage. This occurs when 1/2 < K < 2. This is the 
region where we shall study. 

With the help of $ c and $ s , 5H in the CC limit is 
given by 



5H-. 



v e e iV ^<M°)+H.c 
iV&?* c (o) +H c 



/ 2^$ s (0) 



^s(0) , (7) 



In terms of the fermion fields, the various terms in 5H 
can be written as 

V e ■ 1p La 1pRc + H.C. , 

v p : ipl^tpR-ftpl^Ri + H.c. , 
v a : t/j^tpR-ft/j^iipLi + H.c. . 
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Thus, v e represents the backscattering of a single electron 
across the point contact, v p denotes the process involving 
the tunneling of spin (not charge) between the top and 
bottom edges, and v a represents the process involving 
the tunneling of charge 2e between the top and bottom 
edges. For the weak potential strength, the three terms 
are irrelevant when 1/2 < K < 2. In general, higher 
order terms could also be included. However, those terms 
are less relevant. It suffices to keep the terms in Eq. J7|) to 
determine the phase diagram. In the following, we shall 
compute the noise spectrum in the CC limit to study the 
effects of the two-particle scattering processes. 



III. NONEQUILIBRIUM CURRENT AND 
NOISE 

To analyze the transport properties of this system, we 
apply a voltage bias V between the upper and lower edges 
of the point contact. In such a case, Hq becomes 

4 /> + oo /* + oo 

#0 = / dxH^-y^ / dx v+{Ji,m + j t ,out) 

i=l J ° i=l,2 J ° 
r+oo 

.in ' J i,oxxb) 

-_o Jo 



i=3,4" 



dx\H - h+{Jr\ + Jli) - fJ-{Jni + Jl\)} 



where /i+ — /i_ = —eV. (Here we assume that the charge 
carried by an electron is — e.) To proceed, it is convenient 
to move the dependence on the chemical potentials to SH . 
This is achieved by the time-dependent gauge transfor- 
mation: (Throughout the calculations, we set h = 1.) 

leading to 6H = Yl%=i^^i> where 

Si?! = Le iV2 ^*^°>+H.c. 



SH 2 
SH 3 



iV8irif c * c (t,0) , jj 



cos \/8irK s $ s (t,0) - 2uj t 
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Here <& Q = ^ a /VK a and luq = eV. The u>o dependence 
of the various terms reflects the numbers of transferred 
charges involved in the corresponding process. 

Let Ji denote the particle current operator flowing into 
lead i. Then, we have 

Ji(t,xi) = Jx t i n (t,-xi) - Ji.outC*)-^) 

= J R ^{t,Xx) - J L ],{t,Xx) , 

J 2 (t,x 2 ) = J 2 ,m( t ^ x 2) ~ ^.outC*)^) 

= Jn,(t,X 2 ) - JR\{t,X2) , 

J 3 {t,x 3 ) = J 3i i n (t,x 3 ) - J 3>out (t,x 3 ) 

= J Lt (t,X 3 ) - jRl(t,X 3 ) , 

J4(t,X4) = J4j n (t, —X4) — J^outfA — X/ Cj 
= JRl(t,X4) ~ JLf(t,X 4 ) , 

where X\,X4 < and x 2 ,x 3 > 0. In terms of the bosonic 
fields, Ji can be written as 
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where Q a = \/K a Q a . The current flowing into lead i is 
given by U = —evF(Ji)- According to our convention, Jj 
is positive when the current flows out of the lead. 
The noise spectrum is defined by 



f + OO 

.2^,2 / A+J-ut 



dte^dAJiit^AJjiO)}) , (10) 



where AJi = Ji — (Ji). We would like to calculate Ii 
and Sij in terms of the perturbative expansion in the 
tunneling amplitude vi (I = e, p, a) within the Keldysh 
formalism^ We shall see later that (jj) = 0(|t>;| 2 ). 
Thus, to order of |w/| 2 , 5L- can be written as 



,2„,2 



'J 

-f-oo 



The perturbative calculations of the current and noise 
spectrum can be straightly performed using the Keldysh 
functional integral formulation, as that was done in Rcf. 
IT5I for the chiral Luttinger liquid of FQHE. To the order 
of \vi\ 2 , the currents at zero temperature are given by 



h(t) = --sgnM [\v e \ 2 R C (A)\Lo \ K+1 / K ~ 1 + KpRc^^ol 4 ^- 1 ] - h{t) = -I 3 (t) = -h(t) , (11) 



and the noise spectra at zero temperature are given by 



Su{u),x) 



< — H + 

7T 



1 - A' 2 



|v e | 2 Im(^)|w 



K+l/K-l 



\v rT \ 2 lm(B 3 )\2Lj \ 4 / K - 1 



sm 



2\ux\ 
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+ - 



(1 - K 2 )(Ae^ + C.c)[\w + Wo r +1/K - 1 + |w - Wo | jr+1/,f - 1 



4 V 



C.c. 



|w + 2 Wo | 4 /*- 1 + |w - 2^ | 4 / A '- 1 



|« e | 2 Re(^l)(|a;o| - |w|) 



K+r/K-i 



sin2 (^) + ^ cos 2(^) 



fl(H)ff(|«o| - |w|) 



+2|^|^Rc(6 s )(|2 Wo |-k|) 4/K - 1 sin 2 (^)^ 



-2K 2 \v p \ 2 {B c e l ^r + C.c. ] |w 



■'}■ 



(12) 



with j = 1, 2, 3, 4, and 



Si2(w;-£,x) 



KU 



{2ujx\ 
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2|wd 



(1 + K 2 ){a^ + C.c)[|w + wo^+^-i + | W - wo^+V^-i' 
| w + 2 W o| 4/A '- 1 + k-2 Wo | 4/K - 1 



4 V 

-|v e | 2 Re(^l)(|a;o| - kD^+^-i 
-zK| 2 Re(£ s )(|2 Wo | - M) 4 /*" 1 



1 / 2w|x| 
- sin 

2 \ v 



I + K 2 cos 2 1 — i 



2w|d 



V v ) 
w|)0(|2w o | - |w|) 



ff(H)fl(|o;o| - M) 



(13) 



where 



A'+l/ft 



u^+v^r^ + i/if) 

4/Jf 

v ; w 4 /-^r(4/A') 



Im(^) 
Im(B.) 



7ra A " +1/A " tan [ir(K + l / K) /2] 
w^+V^r^ + l/if) 

ir<iQ K tan (2ir/K) 



and 



(Ue 1 ^ + C.c.) 
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u^+v^rfir + i/JO 



2|wd 



tan 
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u 4A 'c.r(4A' Q ) 
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2|wx| 



tan (2-kKo) sin 



2|wa;| 



On account of current conservation, the tunneling current 
It is given by h = —{h + h) = h + This has been 
verified by directly calculating I t . 



IV. RESULTS AND DISCUSSION 

We now discuss our results. The result for the current 
is shown in Fig. [2] Although what we are considering 
is the nonequilibrium transport, it is interesting to see 
that the dependence of each term in Eq. (fTTj) on the 
bias follows from the scaling dimension of each scatter- 
ing process. (The scaling dimensions of the v e , v p , and v a 
terms about the LL fixed point are A e = (K + l/K)/2, 



A p = 2K, and = 2/K, respectively.) We notice 
that the v p term completely disappears in Eq. (fTTj) be- 
cause it does not involve net charge transport. Albeit 
that this term plays an important role in determining 
the phase diagram, our perturbative calculations shows 
that its effects on the electrical transport can only be 
probed through the noise power at finite frequency, as 
shown in Eqs. ([12]) and ([j"3]) . 

Next, we consider the noise power. In addition to the 
singularity at w = 0, Sij(ui) also exhibits singularities 
at uj = loq and u = 2ujq. They arise from the single- 
particle and two-particle tunneling, respectively. We ex- 
pect that these singularities remain intact even by tak- 
ing into account the non-perturbative effects £± Never- 
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0.5 1 1.5 2 

V[mV] 



FIG. 2: Dependence of the current / = on the bias V. 
We use the parameters ao — 10 _7 m, v = 5.5 x 10 5 m/s, and 
\v e \ = hv/ao- 




0.5 1 1.5 2 

V[mV] 



FIG. 3: Dependence of the autocorrelation at zero frequency 
Sn(0) on the bias V. We use the parameters ao = 10 _7 m, 
v = 5.5 x 10 5 m/s, and \v e \ — hv/ao- 



theless, in contrast to the tunneling between chiral LLs 
where only the cross-correlations depend on the position 
of the probe,— both the auto- and the cross-correlations 
in the present case is sensitive to the position of the probe 
x. It turns out that their zero-frequency limits are the 
most robust measurements of fluctuations in the present 
situation because the resulting expressions in this limit 
are independent of the position of the probe. The de- 
pendence of Sii(0) and £12(0) on the bias V is shown in 
Figs. [3] and |4j We notice that the bias dependence of each 
term in Sii(0) and 5*12(0) also follows from the scaling 
dimension of each scattering process. Therefore, among 
the three scattering terms, only one will dominate the 
behavior of at low bias, depending on the LL param- 
eter K though the introduction of two-particle scattering 
will in general enhance the strength of the noise power. 
It follows from Eqs. @2J) and (JTSJ that SV,(0) at low bias 
are dominated by the single-particle scattering term (the 
v e term) at 1/2 < K < \/3, while at y/3 < K < 2 it is the 
v a term that is dominant. A direct consequence of this 
is that in Figs. [3] and [4] the increase of the magnitude of 
Sij(0) with K = 1.9 at low bias is much larger than the 
one of Sij(0) with K = 0.8 for the same amount of the 
increment of the ratio |u CT /u e |. A similar situation also 
occurs for the current, as shown in Fig. [2] 

It should be pointed out that, at V3 < K < 2, the ex- 
ponents K + 1/K — 1 and 4/ K — 1 arc numerically quite 
close to one another. This indicates that both the v e and 
v a terms will contribute significantly to Sij(0), except 
when the bias is extremely low. For example, at K = 1.9, 
we must take V to be about 0.01 meV in order that the 
contribution of the v a term is 10 times larger than that 
of the v e term, assuming that \v„/v e \ = 0(1). There- 
fore, a better way to reveal the competition between the 
single-particle and two-particle scattering processes is to 




V[mV] 



FIG. 4: Dependence of the cross correlation at zero frequency 
<Si2(0) on the bias V. We use the parameters ao = 10 _7 m, 
v = 5.5 x 10 5 m/s, and \v e \ = hv/ao. 



investigate the Fano factor, which is defined by 

Sy(0) 



2e\I\ 



(14) 



where Su(0) = Su(0,x) and 612(0) = Si2(0, — x, x). 
Then, we have 



F U (V) 

F 12 {V) 
where 

V = 



l + K 2 + 27 1 \v a /v e \ 2 \u J o\ 3 / K - K 

l + V \v a /v e \ 2 \u;o\ 3 / K - K 
l-K 2 + 2 V \v a /v e \ 2 \u Jo \ 3 / K ~ K 



l + v\v*/v e \ 2 \u;o\ 3 / K - K 

4 /if-i Re(ff s ) 
Re(^) 

f _i fa \ 3 / K - K T(K+l/K) 

v ) r(4/if) 



(15) 
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FIG. 5: Dependence of Fn on the bias V. We use the param- 
eters ao = 10 _7 m and « = 5.5 x 10 5 m/s. 



FIG. 6: Dependence of F12 on the bias V. We use the param- 
eters ao = 10 _7 m and v = 5.5 x 10 5 m/s. 



is a nonuniversal constant. Since the v p dependence com- 
pletely disappears in the zero- frequency limit, fy is a 
function of the single parameter \v a /v e \. We plot Fn 
and F12 as functions of the bias V in Figs. [5] and El The 
effects of the v e and the v a terms are disentangled at the 
zero-bias limit. By taking V — > 0, we find that 



l+K 



- 1/2 < K < \/3 
1 V3 < K < 2 



(16) 



and 



l-K 



F 12 (0) 



2 - 1/2<K <V3 
1 V3 < if < 2 



(17) 



In the region where the v& term dominates, Fij(0) takes 
the classical Schottky result, while it depends on the LL 
parameter K in the region where the single-particle tun- 
neling is dominant. As a byproduct, this may provide a 
way to measure the value of K for the helical liquid. 

Now we try to understand the above results. Since 
the effects of the v e and the v a terms are disentangled in 
the limit V 0. We first consider this limit. Without 
loss of generality, we assume that V > 0. Then, the v e 
term implies a single-electron tunneling from the bottom 
edge to the top one, whereas the v a term implies the 
simultaneous tunneling of a spin-up electron and a spin- 
down electron from the bottom edge to the top one. The 
former produces the following state in the top edge: 

a 

= $>L(s = <>)\Oll) +£>L(* = > 

while the state produced by the latter is 

^ m {x = 0)^ Li (x = 0)\O LL ) , 



where \Oll) denotes the ground state of the LL. (Here 
we follow the idea proposed in Ref. 0.) In the above, 
the terms with higher scaling dimensions are neglected. 
To proceed, we define the new chiral bosonic fields 

(pal = ^{$a + ©a) , <f> ar = ^($a - ©a) , 

where a = c,s. <fi a i and <p ar describe the elementary 
excitations of the spin-1/2 LL propagating with velocity 
v along the left and the right directions, respectively. In 
terms of <p a i and <p ari we may define the chiral fields 
carrying a unit of U(l) charged 



ipe 



exp 




exp 




Then, we have 

^2*t(x = 0)\O LL ) 



(18) 



(19) 



[^Jx = 0)] W ~ [ipl(x = 0)] Q+ O,i(x = 0)|O i£ ) 
i>l t (x = 0)1 Q+ Ul(x = 0)l Q_ O s2 (x = 0)\O LL ) , 



and 



V4 t (* = 0)^(x = 0)\O LL ) (20) 
= ftjx = 0)$l(x = 0)O s3 (x = 0)\O LL ) , 



where 

and 
O.1 



Q± = 



l±K 



2—i .nr. 



T($ s -e a ) 
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0s3 = m e i^? I e -<>/f(*.-e.) e -<Vf(*.+ e .) . 
27rao 

Since the operators O s \ , Os2 , and S 3 are charge neutral, 
we may write Eqs. (flU]) and (f2lj| as 

5^*t(s = 0)|O iL ) ~ \Q+Q-) + \Q-Q+) , 

(7 

^(a ? = 0)^(x = 0)|O ii ) ~ |1,1) , 

by focusing only on the charge states, where \Qi, Q r ) de- 
notes the charge state in which the left and the right 
movers carry charge Qi and Q r , respectively. In one spa- 
tial dimension, the current fluctuations amount to the 
measurement of charge fluctuations. Accordingly, we get 

S u (0)ocQ 2 + + Q 2 _ = , 

5i 2 (0) ex 2Q+Q_ = . 

when the v e term dominates, while for the v a term being 
dominant 

5„ (0) oc 1 . 

From the above analysis, we see that the dependence 
of Fij(0) on the LL parameter K follows from the fact 
that the final state of the single-particle scattering is an 
entangled state of \Q+) and |Q_). On the other hand, 
the classical Schottky result arises from the final state of 
the two-particle scattering, which is a direct product of 
the state |1). (This state is not a single-electron state 
because the left and the right movers carry fractional 
spins, — 1/K and 1/K in units of H/2, respectively.) At 



finite bias, both the v e and the v a terms will contribute 
to the current and the noise power so that the Fano factor 
depends on the ratio \v a /v e \. 

It is interesting to notice that in the case of tunneling 
between the chiral LLs, the Fano factor takes the classical 
Schottky result^ In the present case, the Fano factor is 
a function of the LL parameter K even in the absence of 
the two-particle tunneling. Similar results also occur for 
tunneling into a nanotubeJ^ Hence, this may provide a 
way to distinguish the spin-1/2 LL and the chiral LL. 

Finally, we would like to point out that, as noticed 
in Ref. [lfl, there exist a duality relation between the 
CC and the II limits. Therefore, the noise spectrum in 
the II limit in the presence of a bias between the left 
and right edges can be obtained from our results by the 
interchanging the LL parameters of the charge and spin 
modes, i.e. K <H> 1/K, 

To summarize, we have studied the current and the 
noise spectrum of a quantum point contact in the QSHI 
at finite bias. Special emphasis is put on examining how 
the single- and the two-particle scattering processes com- 
pete with each other. We also point out the difference 
between the noise spectrums of the helical LL and the 
chiral LL. These results should provide a useful guide for 
the experimental identification of the helical liquid, and 
thus the QSHI. 
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